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On (m, n) -derivations of Some Algebras 
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Abstract 



Let ^ be a unital algebra, 5 be a linear mapping from A into itself and m, n be fixed integers. We call 
<5 an (m, n)-derivable mapping at Z, iim5{AB)+nS{BA) = m5{A)B -\-mA5{B)+nS{B)A-\-nB5{A) for 
all A,B £ A with AB = Z. In this paper, (m, n)-derivable mappings at (resp. 7^ ©0, 7) on generalized 
/^> . matrix algebras are characterized. We also study (m, n)-derivable mappings at on CSL algebras. 

We reveal the relationship between this kind of mappings with Lie derivations, Jordan derivations and 
derivations. 
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'nI" . 1 Introduction 

(N 

rn 

~i I Let 7^ be a unital ring and ^ be a unital 7?.-algebra. Let 5 be a linear mapping from A into itself. 

We call S a derivation if 5{AB) = 5{A)B + AS{B) for all A,B G A. We call S a Jordan derivation 
if 5{AB + BA) = 5{A)B + A5{B) + 5{B)A + B5{A) for all A,B e A. 5 is called a Lie derivation 

■^ , if 5{[A,B]) = 15{A),B] + [A, 5(B)] for all A,B e A, where [A,B] = AB - BA. The questions of 

» I I characterizing Jordan derivations and Lie derivations have received considerable attention from several 



authors, who revealed the relationship between Jordan derivations, derivations as well as Lie derivations 
(for example, [T] [5] |6l O [12] and the references therein). 

Let m, n be fixed integers. In [3T], Vukman defined a new type of Jordan derivations, named (m, 
n)- Jordan derivation, that is, an additive mapping rj from a ring TZ into itself such that (m + n)ri{A'^) = 
2mri{A)A + 2nAri{A) for every A £ TZ. He proved that each {m, n)-Jordan derivation of a prime ring 
is a derivation. Motivated by this, we define a new type of derivations, named (m, n)- derivation. An 
(m, n)-derivation is a linear mapping 5 from A into itself such that mS{AB) + n5{BA) = m5{A)B + 
mAS{B) + n5{B)A + nBS{A) for all A, B £ A. Obviously, every (1, l)-derivation is a Jordan derivation, 
each (1, — l)-derivation is a Lie derivation, (1, 0)-derivations and (0, 1) -derivations are derivations. 

Recently, there have been a number of papers on the study of conditions under which derivations on 
algebras can be completely determined by their action on some subsets of elements. Let 5 be a linear 
mapping from A into itself and Z be in A. 6 is called derivable at Z , if 5{AB) = S{A)B + AS{B) for 
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all A,B € A with AB = Z; 5 is called Jordan derivable at Z , \i 5{AB + BA) = 5{A)B + A5{B) + 
5{B)A + B5{A) for all yl, B G yl with AB = Z; 5 is called iie derivable at Z , ii S{[A, B]) = [5{A),B] + 
[A,5{B)] for all A,B £ A with ylB = ^. It is natural and interesting to ask whether or not a linear 
mapping is a derivation (Jordan derivation, or Lie derivation) if it is derivable (Jordan derivable, Lie 
derivable) only at one given point. An and Hou [2] investigated derivable mappings at 0, P, and I on 
triangular rings, where P is some fixed non-trivial idempotent. Let X be a Banach space, Lu and Jing 
[16| studied Lie derivable mappings at and P on B{X), where P is a fixed nontrivial idempotent. In 
[23] . Zhao and Zhu characterized Jordan derivable mappings at and / on triangular algebras, (see 
[Slll[Sl[ISl[IIl[I31[Il[ISI[Il[IZl[ISl[131[Ml[251[2S]andthe references therein for more related results) . 
Motivated by these facts, we introduce the concept of the mappings (m, n)-derivable at some point. We 
say that a linear mapping 5 from A into itself is an (m, n)-derivable mapping at Z, if m5{AB) + n5{BA) = 
mS{A)B + mAS{B) + nS{B)A + nBS{A) for aU A, B £ A with AB = Z. In this paper, we study this kind 
of mappings on generalized matrix algebras and CSL algebras. 

Let 7?, be a unital ring. A Morita context is a set {A, B, M , M) and two mappings and ip, where A and 
B axe two 7?,-algebras, M is an [A, S)-bimodule, A/" is a {B, ^)-bimodule, and mappings (j) : M ^b-N' — >■ A 
and If : M ®aM — > B are two bimodule homomorphisms satisfying the following commutative diagrams: 



M®B^f ®AM■ 



IM®'P 



M®bB- 



(J)®Im 



A®aM 



M 



and 



N®aM®bM '^®^^ > B®bM 



Ij\r' 



JV(g>AA- 



-* JV . 



These conditions insure that the set 

A m] _ (I A M 
MB ^ \ N B 



A£A,MeM,NeM,BeB 



where A and B are two unital algebras and at least one of the two bimodules Ai and TV is 



forms an 7?,-algebra under matrix-like addition and matrix-like multiplication if we put MN = (?i(M, A'^) 
and NM — tp{N,M). We call such an 7?.-algebra a generalized matrix algebra and denote it by W = 
A M 

N B 
distinct from zero. Note that different choices of pairs of bimodule homomorphisms generally lead up to 

different algebras, even if we have the same set {A,B,M,N). This kind of algebra was first introduced 
by Sands in [20] . Obviously, when M = Q ox M = Q,U degenerates to the triangular algebra. We denote 

A 



Ia the unit element in A, Ib the unit element in B and A Q) B the element 



B 



in W. Since 



{I A © 0)U{Ia © 0) is a subalgebra of U isomorphic to A, we will make no difi'erence between the notations 



{Ia ® 0)U{Ia © 0) and A. Similarly, we regard (0 © /s)W(0 © Ib) the same as B. In Section 2-4, we 
shall show that if S is an {m, n)-derivable mapping at (resp. I a © 0, /) from U into itself, then 5 is a 
derivation, a Jordan derivation or a Lie derivation according to different choices of m and n. 

Let H he a, separable complex Hilbert space and B{H) be the set of all bounded linear operators 
from H into itself. By a subspace lattice on H, we mean a collection C of closed subspaces of H with (0) 
and H in £ such that for every family {Mr} of elements of £, both CiMr and VMr belong to £.. For a 
subspace lattice £, of H, let alg£ denote the algebra of all operators in B{H) that leave members of £ 
invariant; and for a subalgebra A of B{H), let lat^ denote the lattice of all closed subspaces of H that 
are invariant under all operators in A. An algebra A is called reflexive if alglat^ = A; and dually, a 
subspace lattice jC is said to be reflexive if latalg£ = C. Every reflexive algebra is of the form alg£ for 
some subspace lattice C and vice versa. For convenience, we disregard the distinction between a closed 
subspace and the orthogonal projection onto it. A totally ordered subspace lattice N on H is called 
a nest and the corresponding algebra algA/" is called a nest algebra. As an immediate but noteworthy 
application of the results in Section 2-4, we characterize the mappings (m, n)-derivable at (resp. P, 
I) from algA/" into itself. A subspace lattice £ on _ff is called a commutative subspace lattice (or CSL for 
short), if all projections in £ commute pairwise. If £ is a CSL, then alg£ is called a CSL algebra. By 
[7], we know that if £ is a CSL, then £ is reflexive. In Section 5, we show that if 5 is a norm-continuous 
(m, n)-derivable mapping at on CSL algebras with m + n j^ and S{I) — 0, then 5 is a derivation. 

We call A4 a faithful left A-module if for any A £ A, AM = implies A — 0. Similarly, we can deflne 
a faithful right B-module. If A1 is a faithful left ^-module and a faithful right S-module, then ^A is called 
a faithful {A, B)-bimodule. Given an integer n > 2, we say that the characteristic of an algebra A is not 
n, if for every A £ A, nA — implies A = 0. 



2 {m, n)-derivable mappings at 



Theorem 2.1. LetU = 



be a generalized matrix algebra and 5 be an (m, n) -derivable mapping 



In this section, we study (m, n)-derivable mappings at on generalized matrix algebras. In the 
following of this paper, we always assume that m 7^ and n 7^ 0. 

A M 
Af B 
at from U into itself. Assume that M is a faithful [A, B)-bimodule. 

(1) // (m + n)(m — n) 7^ and charQj) 7^ \mn{m + n)(m — n)\, then S is a derivation. 

(2) lfm + n = 0, 5{[A,A])r\B = 0, 6{[B,B]) f]A = andchar{U) ^ |2m|, then 5 is a Lie derivation. 

(3) If m ~ n — and char{l/() ^ |2m|, then S is a Jordan derivation. 

Since S is linear, for any A £ A, AL £ Ai, N £ Af and B £ B, we may write 



A 

N 



M 
B 



aii(A) + bii (B) + cii (M) + dii (N) ai2 (A) + 612 (B) + C12 (M) + rfia (iV) 
a2i (A) + 621 (B) + C21 (Af ) + d2i (N) a22 (A) + 622 (B) + C22 (M) + ^22 (N) 



where aij, bij, Cij and dij are linear mappings, i,j £ {1, 2}. 

To prove Theorem 12. 11 we flrst show a lemma and several propositions. 

A M 



Lemma 2.2. Let U — 

M B 

(m,n)-derivable mapping at from U into itself. Then 



be a generalized matrix algebra with char(lA) 7^ \mn\ and S be 



A 

N 



M 
B 



aii{A) + 611(B) - MNo - MoN AMo - MqB + ci2(M) + di2(iV) 
No A - BA^o + C21 (M) + d2i (A^ ) a22 (A) + &22 (B) + NqM + NMq 



where No £ TV, Mo G M and an : A -^ A, a22 ■ A ^ B, hx\ : B ^ A, &22 : S ->• B, ci2 ■ M ^ M, 
C21 : A^ — >■ A/", di2 : A/" — i- A4, ^21 : A/" — >■ A/" are linear mappings satisfying 

(i) nci2(AM) = mMa22(^) + naii(^)M + ny4ci2(M), nc2i(^M) = mc2i(M)yl, 

nd2i(A''A) = ma22(A)iV + nNaii{A) + nd2i{N)A, ndi2iNA) = mAdi2iN), 
mBa22{A) + na22{A)B = 0; 
(ii) nci2{MB) = mbii{B)M + nMb22{B) + nci2{M)B, nc2i{MB) = mBc2i{M), 

nd2i{BN) = mNbii{B) + nb22{B)N + nBd2i{N), ndi2{BN) = mdi2{N)B, 
mbii{B)A + nAbii{B) = 0; 
(iii) ail (MTV) = ci2(Af)TV + Md2i{N) + bii{NM), 622 (TV TIT") = TVci2(TVf) + d2i{N)M + a22 (TV/TV). 



Proof. We prove the lemma by two steps. 

Step 1: For any A e A, B £ B and M € M, let S 
and we have 



" 


M ' 


andT = 


" A 


" 


_ 


B 











Then ST = 



cii(ATW) ci2(^TV/) 

C2l(ATW") C22{AM) 

bir{B) + cii{M) 612(B) + ci2(Tkf) 

fe2l(B)+C2l(Tkf) 622(B) + C22(TV^) 



= m5{ST) + nS{TS) = mS{S)T + mS5{T) + n5{T)S + nT5{S) 



A 




+ m 



+ n 



aii{A) ai2{A) 
a2i{A) a22{A) 



Af 
B 



+ n 



A 




M aii(A) ai2{A) 

B \[ a2i{A) a22{A) 

bii{B) + cii{M) 612(B) + ci2(M) 
62i(B) + C2i(AT-) 622(B) + C22( AT-) 



The above matrix equation implies the following four equations 



ncii(^A/) = m6ii(B)4 + mcii(Af)A + mA/a2i(^) + nA6ii(B) + n^cii(A/), 
nci2{AM) = mAfa22(^) + 7iaii(A)A/ + nai2(^)B + 7iA6i2(B) + nAci2(Af), 
nc2i(^A//) = m62i(B)yl + mc2i(A4-)A + mBa2i(A), 
nc22(^A/) = mBa22{A) + na2i{A)M + na22{A)B. 



Taking B = in 



and (12. 3p . we have 

nci2{AM) = mMa22{A) + naii{A)M + nAci2{M), 
nc2i{AM) = mc2i{M)A 



for aU ^ G ^ and M e M. 

Taking A^ = in (fO)) . we have 



62i(B)A=-Ba2i(v4) 



(2.1) 
(2.2) 
(2.3) 
(2.4) 



(2.5) 
(2.6) 



(2.7) 



for aWAeA and B € B. Taking A = Ia and B = Jg in (^77)1 gives a2i(/^) = -621 (Is)- Let TVo = 021 (/yi). 
Then taking A — Ia and B = Jg in (|2.7|) . respectively, leads to 

-BTVo (2.8) 

, we obtain ai2(A)B = — A6i2(B). 



a2i(A) = TVoA and 621(B) 



for every A £ A and every B £ B. Similarly, by taking AT" = in 
Let 012(7^1) = Mo, and we have 



012 (^) = AMo and 612(B) = -AfoB 



(2.9) 



for every A £ A and every B £ B. 

Taking M = in (pTTj) and (|2^ . we have 



mbii{B)A + nAbii{B) = and mBa22(A) + na22{A)B = 

for all A e yi and B e B. 

Taking B = and yl = /^ in (|2.Hl . as well as in (|2.4p . we obtain 

cii(M) = -MNo and C22(M) = A^oM 

for every M € A4. 

Similarly, by considering 5* 




B 



andT: 



M 




we arrive at 



nci2{MB) = mbii{B)M + nMb22{B) + nci2{M)B, 
nc2i{MB) = mBc2i{M) 



for all B G B and M £ A4. 



By considering 5* ■ 





iV 



and r = 




B 



we have 



nd2i{BN) = mNbii{B) + nb22{B)N + nBd2i{N), 
dii{N) = -MoiV, d22{N) = NMo and nduiBN) = mdi2{N)B 

for all B e S and A^ G A/". 



By considering 5* ■ 



A 




and T 





AT 



we obtain 



nd2i{NA) = ■ma22{A)N + nNaii{A) + nd2i{N)A 
ndi2{NA) = mAdi2{N) 

for all yl € yl and N e J^. 

Step 2: For any N £ Af and M G M, let S = 
and we have 



MN 


M 


and T = 


/^ 













Af 






(2.10) 



(2.11) 



(2.12) 
(2.13) 



(2.14) 
(2.15) 



(2.16) 
(2.17) 

Then ST ^ 



-an (MN) - MNq + MqNMN + bn {NM) -MNMq + cia ( M) - du {NMN) - MqNM 
-NoMN + C2i(Af) - d2i{NMN) - NMNo ~a22{MN) + NqM - NMNMq + b22{NM) 
= mS{ST) + nS{TS) = m<5(5')r + mS5{T) + ji5(r)5 + nT5{S) 



-aii{MN) -MNo 
-NoMN + C2i{M) 



-MNMo + ci2{M) 
'a22{MN) + NoM 



Ia 

N 



+ m 



+ n 



+ n 



-MN M 




aii(/^) - MoN Mo + diiiN) 
No + d2i{N) 022(1 a) + NMo 



a^i{lA)-MoN Mo + di2{N) 
No + d2i{N) a22{lA) + NMo 



Ia 

N 



-aii{MN) -MNo 
-NoMN + C2i{M) 



^MN M 


-MNMo + ci2{M) 
-a22{MN) + NoM 



The above matrix relation implies 

b22{NM) = Nci2{M) + d2i{N)M + a22{MN) 



(2.18) 



for all N £ J^ and M £ Ai. Similarly, by considering S = 

an {MN) = C12 {M)N + Md2i (TV) + 611 (NM) 

for all AT e A/" and M G M. 

By ([231), ([22} and ([22}-([239j, the proof is complete. 









and T — 





M 


iV 


Ia 







-NM 



we have 



(2.19) 



D 



Before proving the theorem, we show several propositions concerning the structure of Lie derivations, 
Jordan derivations and derivations on U. 

'' A M 
M B 



Proposition 2.3. A linear mapping 5 onU 
only if it is of the form 



with char(U) ^ 2 is a Lie derivation if and 



A M 
N B 



an {A) + fell (B) - MNo - MoN AMo - MqB + C12 (M) 

No A- BNo + dai (N) a22 (A) + fe22 (B) + iVoM + NMq 



where No e N , Mq £ M and an : A ^ A, b22 : B -^ B, bn : B ^ Z{A), 022 ■ A -^ Z{B), C12 : M -^ M, 
d2i : M ^t N are linear mappings satisfying 

(1) an IS a Lie derivation on A, a22{[A,A']) ^Q, ci2{AM) = aii{A)M - Ma22{A)-^ Ac-i2{M) and 
d2i{NA) ^ Naii{A) - a22(A)N ^ d2i{N)A; 

(2) fe22 IS a Lie derivation on B, bii{[B,B']) = 0, ci2{MB) = Mb22(B) - 6ii(B)M + ci2(M)B and 
d2i{BN) = b22{B)N - iVfeii(B) + Bd2i{N); 

(3) aii(A/Af) = ci2{M)N + Md2i{N) + bii{NM), b22{NM) = d2i{N)M + Nci2{M) + a22{MN). 

Proof. We just show the necessity, for the sufficiency can be achieved by elementary calculations. 

We will consider the equation 5{[S,T]) = [5{S),T] + [S,5{T)] entry-wise. Take S = A ® Q and 
r = /.4 ffi 0, we have 



G = 5{[S,T]) = [5{S),T] + [S,5(T)] 



Aan(/^) -aii(A) Aai2(/yi) - ai2(A) 
a2i(A)-a2i(/^)^ 



So oi2(^) = AMq and 02i(^) = A^o^, where Mq = ai2(/yi) and A^'o — a2i(/yi). Similarly if we take 
S = e B and T = 7yi e 0, then we have fei2(B) = -MqB and 621(B) = ~BNq. 

For arbitrary A, A' £ A, setting S = A(BQ and T = A' © 0, we obtain that an is a Lie derivation on 
A and a22([^, A'\) = 0. Symmetrically, take S — OffiB and T = OffiB', we see that 622 is a Lie derivation 
on Band fen ([B,B']) = 0. 



Taking S = 



A 




and T = 



M 




yields cii(M) = -MNq, ci2(AM) = aii(A)M 



Ma22(^) + ^ci2(M), C21 = and C22(M) = NqM. Moreover, taking 5" = 

gives dii(iV) = -MoN, dx2 = 0, d2i{NA) = Naxi{A) ~ a22{A)N + d2i{N)A and d22{N) = TVAfo. Taking 









andr = 


A 





iV 














5 = 



S- 



M 




B 



and T = 



and T - 




B 


iV 



leads to ci2{MB) = Mb22{B) - bii{B)M + ci2(M)B. Taking 



gives dai {BN) = fe22 {B)N - iVfen (B) + Bd2i (A^ ) . 



Furthermore, consider S = A^O and T = © B, we obtain [a22(A),B] = and [A, feii(B)] = 0. As 
A and B are arbitrary, we have a22{A) £ Z{B) and feii(B) G Z{A). 



Finally, let S = 



M 




and T = 





iV 



A simple calculation gives aii{MN) = ci2{M)N + 



Md2i{N) + bii{NAd) and b22(NM) = d2i{N)M + Nc^iM) + a22{MN). 



D 



With a proof similar to the proof of Proposition 12.31 we have the following result 

A M 



Proposition 2.4. A linear mapping 5 onU = 
and only if it is of the form 



N B 



with char{lA) -^ 1 is a Jordan derivation if 



A M 
N B 



an (4) - MNo - MqN AMq - MqB + ci2(Af) + di2(A'') 

No A ~ BNo + C2i{M) + d2i{N) b22{B) + NqM + NMo 

B, Ci2 : M ^ M, dai : A/" -> N, C21 : M ^ M, 



where No G Af, Mo G M and an : A ^ A, 622 : B 
di2 : TV — >■ A^ are linear mappings satisfying 

(1) an IS a Jordan derivation on A, ci2{AM) = aii{A)M + Aci2{M), C2i(^Af) = C2i(M)A, 
ci2{MB) = Mb22{B) + ci2{M)B, C2i{MB) = Bc2i{M), C2i{M)M = and Mc2i{M) = 0; 

(2) 622 IS a Jordan derivation on B, d2i{NA) = Naii{A) + d2i{N)A, di2{NA) = Adi2{N), 
d2i{BN) = b22{B)N + Bd2i{N), du{BN) = du{N)B, di2{N)N = and Ndi2{N) = 0; 

(3) aii{MN) = ci2{M)N + Md2i{N), b22{NM) = d2i{N)M + Ncu{M). 

Since every derivation is a Lie derivation as well as a Jordan derivation, combining the propositions 
above yields the following corollary. 

^ A M 

U B 



Corollary 2.5. A linear mapping 5 onU 
it IS of the form 



with chariJA) ^ 2 is a derivation if and only if 



an [A) -- MNo - MoN AMo - MqB + cu (M) 
NoA-BNo + d2i{N) b22{B) + NoM + NMo 
-^ A, b22 '■ B -^ B, C12 ■ M ~> M, d2i : Af ^ Af are linear mappings 



A M 

N B 
where No G Af, Mo G A4 and an : A 
satisfying 

(1) an ts a derivation on A, ci2(AM) = aii{A)M + Aci2{M) andd2i{NA) = Naii{A) + d2i{N)A; 

(2) 622 IS a derivation on B, ci2{MB) = Mb22{B) + ci2{M)B and d2i{BN) = b22{B)N + Bd2i{N); 

(3) an(AfiV) = cu{M)N + Md2i{N), b22{NM) = d2i{N)M + Ncu{M). 

Now we are in a position to prove our main theorem of this section. 
Proof of Theorem 12.11 (1) Assume that {m + n){m — n) 7^ 0. By Lemma 12.21 (i), we have 
nc2i{AM) — mc2i{M)A. Taking A — Ia gives nc2i{M) — mc2i{M), which implies C2i(A/) — for every 
M £ A4. Similarly, by ndi2(A''^) = m.Adi2{N), we obtain di2{N) = for every N eAf. 

Since mBa22{A) + na22{A)B = 0, choosing B = Is gives a22(^) = for every A £ A. Hence 
ci2(^A//) = an(^)M + ylci2(M), d2i{NA) = Naii{A) + d2i{N)A &nd b22{NM) = Nci2{M) + d2i{N)M 
for all AeA,MeA4 and N eAf. 

So for any Ai,A2 £ A and M e A4, 

ci2{AiA2M) = an(^i^2)A// + yliyl2Ci2(M); 
ci2(^i^2Af) = an(^i)^2Af + 4ici2(A2A4") 

= aii{Ai)A2M + Aiaii{A2)M + ^i^2Ci2(A4"). 

Thus (an(^i^2) — Aiaii{A2) — aii{Ai)A2)M = 0. Since M is a faithful left ^-module, we have 

aii{AiA2) - Aiaii{A2) - an(^i)^2 = 0. 



Similarly, by Lemma [2!2l fiO. we have 611(B) = for every B £ B. Hence ci2{MB) = Mb22{B) + 
ci2{M)B, d2i{BN) = b22{B)N + Bd2i{N) and aii(A/Ar) = ci2{M)N + Md2i{N) for all B € B, M £ M 
and A'^ G J\f. Now combining Corollary 12.51 we complete the proof. 

(2) Assume that m + n = 0. Without loss of generality, we may assume that m = 1 and n — —1. 
By the proof of (1), we have C2i(M) = for every M € M and di2{N) = for every N £ Af. By 

Lemma [2]2](i), we have Ba22(A) = a22{A)B for all A e A and B e B, which yields a22(^) £ -Z(S), the 
center of B. Since 

ci2(^M) = aii(^)M - Ma22(A) + ^ci2(M) 
for all A e A and M £ M. Thus for any Ai,A2 £ A and M € M, 
ci2{AA'M) = aii(AA')M- Ma22(AA') + ^^'ci2(M), 

ci2(^4'M) = aii{A)A'M + Aaii{A')A4 + AA'ci2{M) - AMa22{A') - A'Ma22{A), 
ci2{A'AM) = aii{A'A)M - Ma22{A'A) + A'Aci2{M), 

ci2{A'AM) = aii{A')AM + A'aii{A)M + A'Aci2{M) - A'Ma22{A) - AMa22(^'), 
whence 

cr2{[A, A']A4) = ([aii(A), A'] + [A, aii(A')])M + [A, A']ci2(M), 
ci2([A,A']Af) = aii{[A,A'])M-Ma22{[A,A']) + [A,A']ci2{M). 
Since 5([^, ^]) p|S = 0, we have 022 vanishes on commutators, which implies 

aiii[A,A'])M = {[ai,{A),A'] + [A,a,i{A')])M. 

Since A1 is a faithful left ^-module, we have an is a Lie derivation on A. 

Similarly, by Lemma 12.21 fiil. we have bii{B) G Z{A) and 622 is a Lie derivation on B. 

(3) The proof when m = n is analogous to (1) and we leave it to the readers. D 

Remark 2.6. In Theorem 12. II the assumption that A^ is a faithful (.4, Z?)-bimodule may be replaced by 
one of the following conditions: 

(1) TV is a faithful {B, y^)-bimodule; 

(2) A1 is a faithful left .4-module and A/" is a faithful left S-bimodule; 

(3) A^ is a faithful right B-module and A/" is a faithful right ^-bimodule, 
while the corresponding proofs need some minor modifications. 

Remark 2.7. For the case m — n, S may not be a derivation. For instance, let A and B be the algebras of 
2x2 diagonal matrices over C, A1 be the module of 2 x 2 matrices over C that vanishes on all but the (1,1)- 
entry, and A/" be the module of 2 x 2 matrices over C that vanishes on all but the (2, 2)-entry. Let 4'mN' 

A M 
N B 

the generalized matrix algebra originated from the Morita context {A,B,M,N ,(f>MJ^,'PJ^j^)- i-e. every 
element in U is of the form 



and ipj^M be the mappings that coincide with the usual matrix multiplication. Let U - 



be 



where a, b,m,n G C Now, let 5 



\l 



a 




m 

b 





a 


n 

" 





b 



m 

b 




then it is easy to verify that 



(5 is a Jordan derivation but not a derivation. That is, 5 is a proper Jordan derivation. 



Moreover, for any A € A, PAPA{I - P) = and PA^I - P)A{I - P) imply 



Note that a unital prime ring A with a non-trivial idempotent P can be written as the matrix form 

PAP PAP^ 
P^AP P^AP^ 

PAP = and (/ — P)A{I — P) = 0, respectively. Note that every Jordan derivation of 2-torsion free 
prime rings is a derivation ([S]). So the following corollary is immediate. 



Corollary 2.8. Let m + n ^ and A be a unital prime ring with characteristic neither \mn{m + n)\ nor 
\m — n\. Assume that A contains a non-trivial idempotent P. If S is an (m, n)-derivable mapping at 
from A into itself, then 5 is a derivation. 

As von Neumann algebras have rich idempotent elements and factor von Neumann algebras are prime, 
the following corollary is obvious. 

Corollary 2.9. Let A be a factor von Neumann algebra. If 5 is an (m, n)-derivable mapping at from 
A into itself with m + n ^ 0, then S is a derivation. 

Obviously, when M = Q,U degenerates to an upper triangular algebra. By 122;, each Jordan derivation 
of an upper triangular algebra is a derivation. Thus we have the following corollary, which generalizes 
[2^ Theorem 2.1]. 

Corollary 2.10. Let U = Tri[A,M, B) be an upper triangular algebra such that M is a faithful (A,B)- 
bimodule. Let 5 be an (m, n)-derivable mapping at from Li into itself. 

(1) // {m + n)[Tn — n) 7^ and char{U) 7^ \mn{m + n){m — n)\, then 5 is a derivation. 

(2) If m — n = and char{U) 7^ \2m\, then 5 is a derivation. 

(3) Ifm + n = 0, S{[A, A])f]B = 0, S{[B,B]) f]A = and char{U) / |2m|, then 5 is a Lie derivation. 

Let A/" be a nest on H and algA/" be the associated algebra. If N is trivial, then algA/" is B{H). 
If N is nontrivial, take a nontrivial projection P £ M. Let A = P&\gMP, M = PalgA/'(/ — P) and 
B = [I - P)algM{I - P). Then M is a faithful {A, Z3)-bimodule, and algA/'=Tri(^, M, B) is an upper 
triangular algebra. Thus as an application of Corollary 12.91 and Corollary 12.101 we have the following 
corollary. 

Corollary 2.11. Let N be a nest on a Hilbert space H and algN be the associated algebra. If 5 is an 
(m, n)-derivable mapping at from algM into itself with m + n j^ 0, then S is a derivation. 

3 {m, n)-derivable mappings at /^ © 



Theorem 3.1. LetU = 



be a generalized matrix algebra and 5 be an (m, n)-derivable mapping 



In this section, we study (rra, n)-derivable mappings at I a © 0. 

A M 

M B 
at Ia®Q from U into itself. Suppose that for every A in A, there exists an integer k such that klA + A 

is invertible in A. Assume that M is a faithful (A, B)-bimodule. 

(1) // (m + n){m — n) 7^ and char{U) 7^ |mn(m + n){m — n)\, then 5 is a derivation. 

(2) Ifm + n = 0, 5{[A, A])C\B = 0, 5{[B,B]){^A = Q and char{U) 7^ |2m|, then 5 is a Lie derivation. 

(3) If m — n = and char{U) 7^ |2m|, then 5 is a Jordan derivation. 

We proceed with the following lemma. 

A M 
Af B 
{m,n) -derivable mapping at Ia ® from U into itself. Suppose that for every A in A, there exists an 



Lemma 3.2. Let U — 



be a generalized matrix algebra with char{U) 7^ \mn\ and S be an 



integer k such that kljs, + A ts mvertthle m A. Then 
S 



A M 
N B 



aii{A) + 611(B) - MNo ~ MoN AMo - MqB + cu{M) + di2(iV) 
No A- BNo + C21 {M) + dai {N) 022 {A) + 622 (B) + NqM + NMq 



where No £ A/", Mo G M and a^x : A ^ A, 022 ■ A ^ B, bn : B ^ A, 622 : B ->• B, C12 : M 
C21 : A4 — >■ A/", di2 : A/" — !■ A4, d2i : M -^ N are linear mappings satisfying 



M, 



(i) ci2{AM) = Ma22{A) + aii(A)M + Aci2{M), mc2i{AM) = nc2i{M)A, 

d2i{NA) = a22{A)N + iVaii(yl) + d2i(iV)A, mdi2(NA) = nAdu(N), 
mBa22{A) + na22(A)B = 0; 
(ii) mci2{MB) = nbii{B)M + mM&22(B) + mci2{M)B, mc2i{MB) = nBc2i(M), 

md2i(BN) = nNbii{B) + mb22{B)N + mBd2i{N), m,d^2{BN) = ndu{N)B, 
mbii{B)A + nAbii(B) = 0; 
(iii) aii(MiV) = ci2(M)N + Md2i{N) + bii{NM), 622 (iVM) = Nci2{M) + d2iiN)M + a22{MN). 

Proof. We prove the lemma by several steps. 

Step 1: For every invertible element A £ A and every B £ B, let S = A® B and T = A^'^ © 0. 
Then 5T = Ia ® and after elementary matrix computation, we have the following four equations. 



(m + n)aii(/^) = maii{A)A^^ + rnbii{B)A^^ + mAaii{A^^) + naii(A'^)A 

+ nA~'^aii{A) + nA~'^bii{B), 
(m + n)ai2{lA) = mAai2(^'^) + nai2(^~^)-B + nA"^ai2(^) + nA''^bi2{B), 
{m + n)a2i{lA) = ma2i{A)A''^ + 771621 (B)A~^ + mBa2i{A'^) + na2i{A~^)A, 
{m + n)a22{lA) ~ 'rnBa22{A'' ) + 77a22(^" )B. 



(3.1) 
(3.2) 
(3.3) 
(3.4) 



Taking B = in (|3.1|l and (|3.4|l . and since for every element A £ A, there exists an integer k such 
that klA + ^ is invertible in A, by calculation we have 



mBa22(^) +7ia22(A)B = and 777611 (B)^ + nA6ii(B) = 0, 

for every A £ A and every B £ B. Similarly, by (|3.2|l and (13. 3|) . we obtain 

oi2(^)B = -yl6i2(B) and Ba2i(A) = -62i(B)A 

for every A £ A and every B £ B. Let Mo — ai2(/yi) and A'^o ~ 02i{Ia)- By (|3.6p . we have 

ai2(^) = ^Mo, 612(B) = -A/oB, a2i{A) = iVoA and 621(B) = -BiVo. 

for every A £ A and every B £ B. 

Step 2: For every invertible element A £ A, every B £ B and every i\f G A4, let 5* = 



(3.5) 



(3.6) 



(3.7) 



A AM 




and T 



^-1 -MB 

B 

following four equations. 



Then ST — Ia ® and after elementary matrix computation we have the 



nCll(M) = 777Cll(^Af)^"^ + 777^6ll(B) - 777Acil(A'/B) + 777^Af A^0^~^ 

-mAMBNo - mAMc2i{MB) + 77611(B) A - 77Cii(A/B)yl 
+nA~^cii{AM) - nMBNoA - nMBc2i{AM), 



(3.8) 
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nci2(M) = -maii{A)AdB - mcii(AM)MB + mci2{AM)B - mAcu{MB) 

+mAMa22{A'^^) + mAMb22{B) -mAMc22{MB) +naii{A'^)AM 
+nbii{B)AM - ncii{MB)AM + nA~'^ci2{AM) - nMBa22{A) (3.9) 

-nMBc22{AM), 

nc2i(M) = mc2i{AM)A~'^ - nc2i{MB)A + nBc2i{AM), (3.10) 

nc22{M) = -mNoAMB + ma22{A)B + niVoAf - uBNqAM + nBa22{A) 

- mc2i(AM)MB + mc22iAM)B - nc2i{MB)AM + nBc22{AM). (3.11) 

Taking B = and ^ = J^ in ((331) and (f3?TT|) . we have 

cii(M) = -MTVo and C22(M) = NoM (3.12) 

for every M G A4. 

Taking _B = in p.9p and (|3.10|) . and since for every element A in A, there exists an integer k such 
that klj, + Am invertible in A, by computation we have 

nci2{AM) = mMa22{A) + naii{A)M + nAc^iM), (3.13) 

mc2i{AM) = nc2i{M)A (3.14) 

for every A £ ^ and every M £ A4. 

Taking A = J^ in ([32| and (pT3]) . and by ((3T2|) . we have 

mci2(MB) = mci2{M)B + nbii{B)M + mMb22{B) (3.15) 

for every B £ B and every M £ A^. 

Taking B = Jg in ((331) and (fSTS]) gives 

mci2(^Af ) = nAfa22(^) + maii{A)M + mAci2{M) (3.16) 

for every A £ A and every M £ Ai. Combining (13.131) and (|3.16p . we obtain 

ci2{AM) = Ma22{A) + aii{A)M + Aci2{M). (3.17) 

for every A £ A and every Af G A4. 

By (pnU)) . we have C2i(A^B)A = _Bc2i(AAf) and hence mc2i{MB)A = mBc2i(^A^) = nBc2i(A4")A. 
Taking A — Ia gives 

mc2i{MB) = nBc2i{M) (3.18) 

for every B £ B and every Af G A^. 

Symmetrically, by considering S = and T — 



A 
-B7V B 



A-'' 



we arrive at 



dii(iV) = -AfoiV and d22{N) = NMq, (3.19) 

mdi2{NA)^nAdi2{N) and mdi2{BN) = ndi2{N)B, (3.20) 

d2i(AfA) = a22(A)iV + Afaii(A) + d2i{N)A, (3.21) 

md2i{BN) = nNbii{B) + mb22{B)N + mBd2i{N). (3.22) 
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I A - MN M 




for every A £ A, every B £ B and every AI £ Ai. 

Step 3: For any N e JV and M e M, let S = 
5T = 7^ © and elementary matrix computation yields 

b22{NM) = d2i{N)M + Nci2{M) + a22{MN) 

for every N e J\f and M e M. 



and T 



Ia 

iV 



Then 



(3.23) 



Symmetrically, by considering S 



Ia M 




and T - 



I A - MN 

TV 



we arrive at 



aii(MiV) = 6ii(iVA/) +ci2(Af)iV + Md2i(iV) 

for every N £ Af and M £ M. 

By (1331), (E3I, (EHI, dSini, dSHSl), (13IT7|-(E31I, we have completed the proof. 



(3.24) 



D 



Proof of Theorem l3.ll The proof is analogous to Theorem l2.1l we now only refer to Lemma[3]2] instead 
of Lemma 12.21 and we leave it to the readers. 



Corollary 3.3. Letm + n ^ and A be a umtal prime ring with characteristic neither \mn{m + n)\ nor 
\m — n\. Assume that A contains a non-trivial idempotent P and for every A £ A, there exists an integer 
k such that klA + A is invertible in A. If S is an (m, n)-derivable mapping at P from A into itself, then 
5 is a derivation. 



Corollary 3.4. Let A be a factor von Neumann algebra and P £ A be a non-trivial idempotent. If S is 
an (m, n)-derivable mapping at P from A into itself and m + n ^ 0, then 5 is a derivation. 

Corollary 3.5. Let U — Tri{A,M.,B) be an upper triangular algebra such that M is a faithful (A,B)- 
bimodule. Assume that for every A £ A, there exists an integer k such that klA -{- A is invertible in A. 
Let 5 be an (m, n)-derivable mapping at Ia®Q from U into itself. 

(1) // (m + n){ni — n) 7^ and char{U) 7^ |mn(m + n)(m — n)\, then 5 is a derivation. 

(2) If m — n = and char{U) 7^ \'2m\, then 5 is a derivation. 

(3) Ifm + n = 0, 5{[A, A])C\B = Q, S{[B,B]){^A = Q and char{U) / |2m|, then 5 is a Lie derivation. 

Corollary 3.6. Let M be a non-trivial nest on a Hilbert space H and algM be the associated algebra. If 
P £ Af is a non-trivial idempotent and d is an (m, n)-derivable mapping at P from algM into itself with 
m + n 7^ 0, then 5 is a derivation. 



4 {m, n)-derivable mappings at / 



Theorem 4.1. LetU = 



be a generalized matrix algebra with characteristic neither |3mn(m+ 



In this section, we study (m, n)-derivable mappings at / and assume m + n 7^ 0. 

A M 
M B 

n)\ nor |m — n|. Suppose that ^Ia £ A, |/b G B and for every A £ A and every B £ B, there exists 
an integer k such that klA + A is invertible in A and kis -\- B is invertible in B. Assume that Ai is a 
faithful {A,B)-bimudule. If 5 is an {m,n)- derivable mapping at I from U into itself, then 5 is a Jordan 
derivation. 

'' A M 
M B 
n)\ nor \m — n\ and 5 be an {m,n) -derivable mapping at I from IA into itself. Suppose that \Ia £ -A., 



Lemma 4.2. Let U 



be a generalized matrix algebra with characteristic neither |3mn(m + 
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^Ib G B and for every A £ A and every B £ B, there exists an integer k such that klj^ -\- A is invertible 
in A and kls + B is invertible in B. Then 



A M 
N B 



an [A) - Af iVo - Afo A^ AMo - MqB + cn (M) + dia (A^) 

No A - BNo + C2i(Af) + d2i{N) 622 (B) + NqM + NMo 



where No £ M , Mo e M and a-ix : A ^ A, 622 : S -> B, C12 : M 
^21 : A/" — >■ A/" are linear mappings satisfying 



M, C21 ■■ M -^ M, di2 : A/" -> M, 



(i) ci2{AM) = aii{A)M + Aci2{M), ci2{MB) = Mb22{B) + ci2{M)B, 

C2i{AM) = C2i{M)A, C2i{MB) = Bc2i(M), C2i{M)M = and Mc2i{M) = 0; 

(ii) d2i(iV^) = Afaii(A) + d2i(iV)^, d2i{BN) = b22{B)N + Bd2i{N), 

di2{NA) = Adi2{N), di2{BN) = di2{N)B, di2iN)N = and iVdi2(iV) = 0; 

(iii) aii{MN) ^ ci2{M)N + Md2i{N), b22{NM) = Nci2{M) + d2i{N)M. 

Proof. Since the proof is similar to Lemma [3.21 we will just sketch the proof. 

For every invertible element A £ A and every invertible element B £ B, taking S — A (B B and 
T = A-^ ® B-^ 



gives 



611(B) = and aii(/^) = 
a22(^) = and 622 (/b) = 
ai2(^) = AMo and bi2(B) = -MqB 
a2i{A) = A^o^ and 621(B) = ~BNo 



(4.1) 
(4.2) 
(4.3) 
(4.4) 



for every A £ A and B £ B, where Mo — ai2{lA) and No = a2i(/yi). 

For every invertible element A £ A, every invertible element B £ B and every M £ A4, letting 



5 = 



" A 


AM ' 


and T = 


' A-' 


~MB-^ 





B 







B-' 



yields 

Al"c2i (A4") = and C2i{M)M = 

cii{M) ^ -MNo and C22(A/) = iVoA^ 

ci2(^A/) = aii(^)Af + Aci2(A4') 

ci2{MB) = Mb22{B) + ci2{M)B 

c2i{AM) = c2i{M)A and C2i{MB) = Bc2i{M) 



(4.5) 
(4.6) 
(4.7) 
(4.8) 
(4.9) 



for every A £ A, B £ B and every M £ M. 

A 

NA B 



Symmetrically, by considering S 



and T - 



A- 







-B-^N B- 



wc arrive at 



dii(A'') = ~MoN and d22(A'') = A^A^o, 

di2{N)N^0 and Ndi2{N) ^ 0, 

di2{NA) = Adi2{N) and di2{BN) = di2{N)B, 

d2i {NA) = Nan (A) + d2i {N)A, 

d2iiBN) =b22iB)N + Bd2i(N), 



(4.10) 
(4.11) 
(4.12) 
(4.13) 
(4.14) 



for allA£A,B£ B, M £MaadN £M. 
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For any N £ M and M £ M, setting 5" = 
leads to 



~Ia - MN ~M 
N Ib 



and T = 



--Ia -M 

N Ib + NM 



aii{MN)=ci2iM)N + Md2iiN) and b22iNM) ^ NciiiM) + d2i{N)M (4.15) 

for all M e X and N eJV. 

By (l4rT|) - (l4?T5) l. the proof is complete. D 



Proof of Theorem [47T] The proof is analogous to Theorem l2.1l we now only refer to Lemma [4. 21 instead 
of Lemma 12.21 and we leave it to the readers. 



Corollary 4.3. Let A be a unital prime ring of characteristic neither \3mn{m + n)\ nor |r7i — 7i|. Assume 
that A contains ^I and a non-trivial idempotent P, and for every A £ A, there exists an integer k such 
that klA + A is invertible m A. If 5 is an (m, n)-derivable mapping at I from A into itself, then 5 is a 
Jordan derivation. 

Corollary 4.4. Let A be a factor von Neumann algebra. If 5 is an (m, n)-derivable mapping at I from 
A into itself, then 5 is a Jordan derivation. 

Corollary 4.5. Let U — Tri{A,Ai,B) be an upper triangular algebra such that M is a faithful (A,B)- 
bimodule. Assume that \Ia G A, \Ib G B, and for every A G A, every B £ B, there exists an integer k 
such that klA + A is mvertible in A and kls + B is invertible in B. Let S be an (m, n)-derivable mapping 
at I from lA into itself. 

(1) // (m + n)(m — n) 7^ and char{U) 7^ |3mn(m + n){m — n)\, then S is a derivation. 

(2) If m ~ n = and char{U) 7^ |67n|, then S is a derivation. 

Corollary 4.6. Let M be a nest on a Hilbert space H and algM be the associated algebra. If 5 is an (m, 
n)-derivable mapping at I from algN into itself, then 5 is a derivation. 

5 {m, n)-derivable mappings at of CSL algebras 

In this section, we study (m, n)-derivable mappings at on CSL algebras. Assume that m + n 7^ 0. 
We proceed with the following lemmas. 

Lemma 5.1. Let A be a unital algebra with char{A) ^ \m + n\. If 5 is an (m, n)-derivable mapping at 
from A into itself and 5{I) = 0, then for each idempotent P £ A, S{P) = 5{P)P + P5{P). 

Proof. For any idempotent P £ A, P{I — P) — 0. Then we have 

= mS{P{I - P))+nS{{I - P)P) 

= m5{P){I - P)+ mPS{I -P)+ nS{I - P)P + n{I ~ P)5{P) 
= (m + n)S{P) - (m + n)5{P)P - (m + n)P5{P). 

Thus 5{P) = S{P)P + P5{P). n 



Lemma 5.2. Let A and S be as m Lemma \5.1\ and 6{I) = 0. Then for each idempotent P £ A and every 

element A £ A, we have 

(i) 5iPA + AP) = S{P)A + PS{A) + S{A)P + AS{P); 

(ii) 5{PAP) = 5{P)AP + P5{A)P + PAS{P). 
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Proof, (i) For any idempotent P e A, P{I - P)A = (J - P)PA = 0. Then we have 
mS{P{I - P)A) + nS{(I - P)AP) 

= mS{P){I - P)A + mPS{{I - P)A) + nS{{I - P)A)P + n{I - P)A5{P) 

= m5(P)A - mS{P)PA + mP5{A) - mPS{PA) + n5{A)P - n5{PA)P + nA5{P) - nPAS{P), 

and 

mS{{I - P)PA) + nS{PA{I - P)) 

= mS{I ~ P)PA + m{I - P)5{PA) + n5{PA){I - P) + nPA5{I - P) 
= (m + n)S{PA) - m5{P)PA - mP5{PA) - nS{PA)P - nPA5{P). 
Combining the two equations above gives 

mS{PA) + nS{AP) = mS{P)A + mPS{A) + nS{A)P + nAS{P). (5.1) 

Since AP{I - P) = A{I — P)P = 0, with a similar proof of (|5.ip . we have 

mS{AP) + n5{PA) = n5{P)A + nP5{A) + m5{A)P + mA&{P). (5.2) 

Combining (|5.ip and H5.2|) yields 

5{PA + AP) = S(P)A + PS{A) + 5{A)P + A5{P). 
(ii) Replacing A by PA + AP in (i) , we have 
6{P{PA + AP) + {PA + AP)P) 

= S{P){PA + AP) + P5{PA + AP) + S{PA + AP)P + {PA + AP)5{P) 
= 5{P)PA + 2S{P)AP + PS{P)A + PS{A) + 2PS{A)P + 2PAS{P) + 5{A)P 

+ A5{P)P + AP5{P) 
= 2<5(P)AP + 2PS{A)P + 2PAS{P) + S{P)A + PS{A) + S{A)P + AS{P) 
= 25{P)AP + 2PS{A)P + 2PAS{P) + S{PA + AP). 

Thus 

S{PAP) = S{P)AP + PS{A)P + PAS{P). 

n 

Corollary 5.3. Let A and S be as in Lemma \5.S\ with S{I) — 0. Suppose B is the subalgebra of A 
generated by all idempotents m A. Then for any T £ B and any A e A, S{TA + AT) = S{T)A + T5{A) + 
S{A)T + A5{T). 

Lemma 5.4. Let £ be a CSL on H . If 5 is an (m, n)-derivable mapping at from algC into itself and 

5{I) = 0, then for all S,T £ algC and P £ L, 

(i) S{SPT{I - P)) = S{S)PT{I - P) + SS{PT{I - P)); 

(ii) s{ps{i - p)r) = 5{ps{i - p))r + ps{i - p)S{t). 

Proof (i) LetPbein£. Since (5(P) = (5(P)P + P5(P), we see that P(5(P)P =(/- P)5(P)(/- P) = 0. 
So 5{P) = P5{P){I - P). Thus by Lemma[521 for every T G algL, 

S{PT{I~P)) = S{PPT{I - P) + PT{I - P)P) 

= 5{P)PT{I -P) + P5{PT{I -P)) 

+S{PT{I - P))P + PT{I - P)S{P) 
= S{PT{I- P))P + PS{PT{I- P)). 
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This implies that 5{PT{I - P)) = P5{PT{I - P)){I - P) for every T G algC. By Lemma [SJlii), we have 
(/ - P)5{PTP) = 5{{I - P)T{I - P))P = for every T G a/g£. 

Since Pr(/ - P) = P - (P - PT{I - P)) and P - Pr(J - P) is an idempotent, by Corollary O for 
S,T £ algC, 

S{SPT{I - P)) = S{PSPPT{I - P) + PT(/ - P)PSP) 

= S{PSP)PT{I - P) + PSPS{PT{I - P)) 

+5(Pr(J - P))PSP + PT{I - P)5{PSP) 
= ((5(P)S'P + PS{S)P + PS5{P))PT{I - P) + PSPS{PT{I - P)) 
= S{S)PT{I - P) + SS{PT{I - P)). 

With a proof similar to the proof of (i), we may show that (ii) is also true. D 

By Lemmas 15. 1115. 2l and l5.4l with a proof analogous to [181 Theorem, 3.2], we can obtain the following 
theorem. 

Theorem 5.5. Let C be a CSL on H. If 5 is a norm- continuous linear (m, n)-derivable mapping at 
from A. into itself and 5{I) — 0, then S is a derivation. 
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